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Sparse Solution

e SVM classification is a sparse algorithm. The final solution
consists of a subset of training points called support
vectors support vectors.

e Such a representation has computational advantageous

* SVM regression use e insenstive loss function to ensure
sparseness of the solution



Error Tolerance:

* No error
o ly—f(x)|<e
° —eSy—?(X)ge
e Error
* ly—f(x))>e )
® y—f(x)<—eory—f(x)>e



€ insensitive loss function

L(x,y, 1) = ly = (x)|c = max(0, |y — f(x)| - ¢)

* max(0, (y — f(x) — €)) = & max(0, (F(x) — y) — €)) = &*
e ¢ and £* cannot be cannot be greater than zero at the
same time.



Data

{a, ), (X2, y2) ... (v, yn) X € R,y € R



N
. f2 ) *
min ] +C§(&+£,)

subject to

(vi—f(x)—e<&, i=1,...,N
(f(X,‘)—yi)—ng;-k, i:1,...,N
§>0,i=1,...,N
&>0,i=1,...,N



Case 1: Linear

o f(x)=(w,x)+b,weR" beR

N
min_|[w|?+C (& +¢)

weRM beR i1

subject to

(y,'—<W,X,'>—b)—€§§,', i:1,...
(<W7Xi>+b_yi)_€§£7v I:17

§>0,i=1,...,N
&>0,i=1,...,N



Case 1: Hyperplane

Y




N
min_[[w|f+C> (&+&)

weR" beR —
=

subject to
E—Yi+(w,x)+b+e>0,i=1,....,N
&—(w,x)—b+y+e>0,i=1,....N
£>0,i=1,...,N

&>0,i=1,...,N



Lagrangian Formulation

The Lagrangian can be written as

N

1 N
L o= SlIwlP+CY (&+&)— D aile+&—yi+ (w.x)+b)
i=1 i=1
N

N
_Za7(6+57+y/ (W, X;) — Zm§/+7h§,

i=1 i=1

Fori=1,2,...N,
aiya?(’nian;'k > 0



KKT Conditions

N

Owl=w=> (aj—af)x;=0
i=1

w = Z(ai — OZT)X,'

i=1

N
OpL=>> (af —aj) =0
i=1

O;=C—a;j—ni=0,i=12,...
aff:C_a;'(_nfzoaaI:1a27



KKT Complimentary Conditions

Fori=1,2,...N

ajle+&—yi+(w,x)+b)=0
aj(e+& +yi—(w,x;)) —b)=0
ni&i =0
ni& =0
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From (3),
0<o<C 9)

From (13),
0<a;j<C (10)

aj and o cannot be greater than zero at the same time.



When «; = 0, from (3), n; > 0. Therefore from (7), £, =0
Therefore from (5),

e—Yi+(w,x)+b>0

That is
Yi—(w,x;) —b<e

H:yi—({w,x)+b)=0,Hy:yi— ((w,x) + b) =g,

Ho : ((w,x)+b)—yi=¢

That is (x;j, y;) lies on H or on H; or between H and H;

That is, in this case, (x;, y;) lies on or inside e- insensitive tube.



Similarly o = 0, from (13), n; > 0. Therefore from (17), & =
Therefore from (6),

e+yi—(w,xj) —b>0

That is
<WaXi> +b_yl <e

That is (x;, y;) lies on H or on H, or between H and H.
That is, in this case, (X;, y;) lies on or inside ¢ tube.



When 0 < «; < C, from (3), n; > 0. Therefore from (7), £, =0
Therefore from (5),

e—y,-+<w,x,->+b:O

That is (xj, y;) lies on H; .



When 0 < o} < C, from (13), 7 > 0. Therefore from (17),
& =0
Therefore from (6),

(W, Xj) +b—yi=¢

That is (x;j, y;) lies on Ha



When «; = C, from (3), n; = 0. Therefore from (7), & > 0
Therefore from (5),

e—Yi+(w,Xx)+b+¢ =0
That is
Yi—(w, X)) —b=¢e+¢

That is,
Yi—(w,xj) —b>¢

That is (x;j, y;) lies on H; or outside the e tube



When of = C, from (13), 5 = 0. Therefore from (17), £ > 0
Therefore from (6),

e—(W,x)) —b+yi+&=0
That is
(W, Xj) +b—yi=¢e+¢

That is,
<W7Xi> +b—.yl Z €

That is (x;j, y;) lies on H. or outside the e tube



Support Vectors

¢ Data with non zero coefficients in the expansion of w are
called support vectors
e Support vectors lie on H; or on H, or outside the ¢ tube

¢ Coefficients vanish if the data points lie inside the e tube



Coefficients: Primal Variable

The terms that involve w : %||W||2 — > — a){w, x;)
The terms that involve b : b(}_;(af — o))

The terms that involve &; : ZL &i(C — aj — pj)

The terms that involve & : SN | £(C — ai — u¥)

The terms that involve e: —e(a; + o)

The remaining terms are: ) ; yi(oj — af)



Coefficients: Primal Variable

N N
Iw|? = <Z(ai_a7)xi72(0‘i_0‘7)xi>



Dual Formulation

maximize

_71 > (ai—af)(aj—af)(xi, x) — €Y (ait+af)+ > yilai—af)
i i

i

subjectto ) ;(a; — af) = 0 and o, o} € [0, C]).



Determination of b

Determine b using the points for which
*0<ai<C
*0<aj<C



Case Il: General Form

o f(x)=(f k) +b

N
min |[f|[Z+CY (& +¢)

feF,beR -
i=1

subject to

(vi— (f k) —b)—e<¢&, i=1,....N
(f k) +b—y)—e<&,i=1,...,N
&>0,i=1,....N
&>0,i=1,...,N



N
min [[f|F+C> (&+&)

feH,beR ‘
i=1

subject to
&G—Yi+{fkg)+b+e>0,i=1,...,N
§ —(fky) —b+yi+e>0,i=1,...,N
£>0,i=1,...,N

&>0,i=1,...,N



e
Hyperplane: RKHS

H:yi— ((f k) +b) =0, Hy 1 y; — (. ky) + b) = €,
Ho : ((f k) +b) —yi = ¢




Lagrangian Formulation

The Lagrangian can be written as

L = —Hsz—i—CZf,—i—ﬁ,)—Za,e—i—é’, Yi+(f, kq) + b)
i=1
N
—Zaf(e+5ﬁ+yf (F, k) = b) = > (mi&i + 7€)
i=1 i=1
Fori=1,2,...N,

OéhOé;'ka??i’??;'k > 0



KKT Conditions

N

OL=1=> (aj—aj)ky =0
i=1

N

F= (i~ o)y

i=1
N

OpL=> (af —aj) =0
i=1

O;=C—a;j—ni=0,i=12,...
aff:C_a;'(_nfzoaaI:1a27



KKT Complimentary Conditions

Fori=1,2,...N

aj(e+ & — yi+ (f, kq) +b) =0
oj(e+& +yi—(f,kq) —b)=0
ni§i =0
;& =0

aja; = 0, there can never be a set of dual variables «;, o}
which are both simultaneously nonzero.



From (13),

From (14),
0<a;j<C

aj and o cannot be greater than zero at the same time.



When «; = 0, from (13), n; > 0. Therefore from (17), £, =0
Therefore from (15),

e—yi+ (fkg)+b>0

That is
Vi— (f k) —b<e

That is (ky,, y;) lies on H or on H; or between H and H;
That is, in this case, (ky;, i) lies on or inside e- insensitive tube.



Similarly when o = 0, from (14), n; > 0. Therefore from (18),
& =0
Therefore from (16),

e+yi—(f,ky)—b>0

That is
<f7kX,‘>+b_yi SE

That is (ky, y;) lies on H or on H, or between H and H,
That is, in this case, (ky;, yi) lies on or inside e tube.



When 0 < «; < C, from (13), n; > 0. Therefore from (17), £, =0
Therefore from (15),

e~ i+ {f k) +b=0

That is (K, y;) lies on Hj.



When 0 < o} < C, from (14), 7 > 0. Therefore from (18),
& =0.
Therefore from (16),

(fhky) +b—Yyi=¢

That is (K, y;) lies on Ho.



When «; = C, from (13), n; = 0. Therefore from (17), & > 0
Therefore from (15),

e—Yi+(fky)+b+& =0

That is
yi_<f7kxi>_b:€+£i

That is,
Vi— (f k) —b>e€

That is (K, y;) lies on Hy or outside the e tube



When af = C, from (14), nf = 0. Therefore from (18), & > 0
Therefore from (16),

e—(f,ky) —b+yi+& =0
That is
<fakx,->-l-b—y,'ze—l—f;-k

That is,
<f7kXi>+b_yi2€

That is (K, y;) lies on Hy or outside the e tube



Support Vectors

e Data with non zero coefficients in the expansion of f are
called support vectors
e Support vectors lie on H; or on H, or outside the ¢ tube

¢ Coefficients vanish if the data points lie inside the e tube



Coefficients: Primal Variable

The terms that involve f : %Hf”2 — > i — a){f, Ky,)
The terms that involve b : b(}_;(af — o))

The terms that involve &; : ZL &i(C — aj — )

The terms that involve & : SN | £(C — a? — u?)

The terms that involve e: —e(a; + o)

The remaining terms are: ) ; yi(oj — af)



Coefficients: Primal Variable

N N

IfI? = <Z(a/ - a}‘)kx,,Z(a,- — af)ky)
,/V=1 N i=1

= > (i — ooy — o) k)



Dual Formulation

maximize

_71 > (ai—af)(aj—af) (K, kg) —€ Y (ai+ai)+ Y yilai—af)
ij i

1

subjectto ) ;(a; — af) = 0 and o, o} € [0, C]).



Determination of b

Determine b using the points for which
*0<ai<C
*0<aj<C



